Multi-particle states with additional pions are expected to be a non-negligible source of excited-state contamination in lattice simulations at the physical point. It is shown that baryon chiral perturbation theory can be employed to calculate the contamination due to two-particle nucleon-pion states in various nucleon observables. Leading order results are presented for the nucleon axial, tensor and scalar charge and three Mellin moments of parton distribution functions (quark momentum fraction, helicity and transversity moment). Taking into account phenomenological results for the charges and moments the impact of the nucleon-pion-states on lattice estimates for these observables can be estimated. The nucleon-pion-state contribution results in an overestimation of all charges and moments obtained with the plateau method. The overestimation is at the 5-10% level for source-sink separations of about 2 fm. The source-sink separations accessible in contemporary lattice simulations are found to be too small for chiral perturbation theory to be directly applicable.
Introduction
Chiral perturbation theory (ChPT) has been a valuable tool in the analysis of Lattice Quantum Chromodynamics (QCD) data for many years. Prime examples are the calculation of finite-volume (FV) effects or the light quark mass dependence of physical observables, to name just the two most prominent applications. ChPT results concerning the quark mass dependence have been commonly used in the chiral extrapolation to relate unphysical lattice results obtained at heavy quark masses to the so-called physical point with quark masses as light as in Nature. However, the need for a chiral extrapolation has been slowly fading away. Constant progress in computer power as well as advances in simulation algorithms have made lattice simulations possible with light quark masses set to their physical values. Such physical point simulations do not need a chiral extrapolation and eliminate one major source of systematic error. This benefit is certainly worth the high numerical prize one still has to pay for this kind of simulations.
In this review I report on a different application of ChPT to Lattice QCD, namely the study of excited-state contaminations. With the up and down quark masses close to their physical values one can expect multi-particle states with additional pions to become a non-negligible excited-state contamination in many correlation functions measured on the lattice to obtain physical observables. The calculation of nucleon observables is a familiar example where excited-state contaminations are known to be a source of significant systematic uncertainty. The multi-particle states expected to be most relevant in this case are two-particle nucleon-pion (N π) and three-particle N ππ states, and their contribution is accessible within ChPT.
The idea for this application is not new. In Refs. 1 the three-pion-state contribution to the 2-point (2pt) functions of the axial-vector and pseudo-scalar quark bilinears were computed in ChPT. Probably the first account of this idea is the computation of the N π-state contamination to the nucleon axial charge in Ref. 2 . This was an attempt to explain, at least qualitatively, why most lattice results at that time underestimated the experimental value of the nucleon axial charge. However, it turned out that the N π state contamination leads to an overestimation of the axial charge, and this might be the reason why Ref. 2 remained fairly unnoticed.
Today results for other nucleon charges and for some first moments of parton distribution functions are available. [3] [4] [5] [6] These results improve on some of the approximations made in the first calculation. The discreteness of the nucleon and pion momenta due to a finite spatial volume is taken into account. In addition, the mapping of smeared interpolating fields, commonly used in lattice calculations, to ChPT has been put on firmer grounds. 7, 8 The goal of this review is to summarize the results of Refs. 3, 5, 6 . Some of these results were already presented at workshops and conferences. [9] [10] [11] Answers to some of the questions asked at these occasions are also given here.
N π-state contributions in nucleon correlation function
To start with let us consider the nucleon 2pt function,
that is measured in Lattice QCD to compute the nucleon mass. 1 Here N, N denote interpolating fields with the quantum numbers of the nucleon. The integration over the finite spatial volume V = L 3 serves projects to zero spatial momentum. Performing the standard spectral decomposition the 2pt function is given as a sum of exponentials, G 2pt (t) = c 0 e −E0t + c 1 e −E1t + c 2 e −E2t + . . .
where the ordering E 0 < E 1 < E 2 < . . . for the energies is assumed. The first exponential provides, by construction, the exponential decay with the nucleon mass, E 0 = M N . The coefficient c 0 is the squared matrix element of the interpolating field between the vacuum and the nucleon at rest. All the other terms stem from excited states with the same quantum numbers as the nucleon, and the coefficients c j involve these excited states instead of the nucleon state.
In lattice simulations one usually computes the effective nucleon mass, defined as the negative time derivative of ln G 2pt (t) . With (2) we obtain (∆E k = E k −M N ) M N,eff = M N + c 1 c 0 ∆E 1 e −∆E1t + c 2 c 0 ∆E 2 e −∆E2t + . . . .
Sending t to infinity the effective mass converges to a constant, the nucleon mass. For finite t the excited-state contribution is exponentially suppressed. Still, the euclidean time separation needs to be sufficiently large for the excited-state contamination in the correlation function to be small. However, the signal-to-noise problem prevents one to go to very large euclidean times t to make the excitedstate contribution arbitrarily small. The smaller the pion mass the smaller is the time separation for which the effective mass can be measured with small statistical errors. 12, 13 In practice one is so far limited to time separations of about 1 to 1.5 fm, and at these distances the excited-state contribution is still visible in the lattice data.
It is useful to distinguish the excited states that can contribute in a finite spatial volume to the 2pt function. There is a contribution from resonance states that are associated to the nucleon resonances in infinite volume, the most prominent one being the Roper resonance N * (1440). 2 In addition there is the contribution of multiparticle states, e.g. 2-particle N π states, 3-particle N ππ states etc. In particular the multi-particle-state contribution is expected to become important for physical pion masses. This is easily seen by ignoring the interaction energy of the particles, which is expected to be rather small since the pions interact only weakly with the nucleon and with themselves. Within this approximation the energy of the N ππ state with all three particles at rest is equal to M N + 2M π ≈ 1.3M N . Two-particle N π states also contribute to the excited state contamination. Because of parity both nucleon and pion cannot be at rest but need non-vanishing and opposite spatial momenta. If we assume periodic boundary conditions for the finite spatial volume the spatial momenta are discrete, p k = 2π k/L, with k having having integer-valued components. The larger the lattice extent L the smaller are the discrete energies of the N π states allowed by the periodic boundary conditions. If we assume the typical value M π L = 4 we find three N π states with energy less than 1.5M N . The PACS collaboration carries out lattice simulations with almost physical pion mass satisfying M π L = 6. In that case seven N π states have an energy less than 1.5M N (see fig. 1 ). The main conclusion is that quite a few multi-particle states are expected to contribute to the sum in eq. (2) before the first resonance state appears. Thus, the multi-particle states dominate the excited-state contribution in the asymptotic regime of large but still finite t.
The impact of the multi-particle states to the 2pt function depends also on the size of the coefficients c j , j ≥ 1. Not much is a priori known about these coefficients, except for the fact that the coefficient associated with an n-particle state is, in a finite spatial volume, suppressed by (1/L 3 ) n−1 . This volume-suppression is
Excited states in the nucleon sector
Figure 1: Sketch of the energies of the lowest N π states (diamonds) that contribute to the nucleon 2pt function. Discrete momenta corresponding to two M π L values are considered and interaction energies are ignored. The blue square represents the energy of the N ππ state with all three particles at rest.
sometimes taken as an argument in favor of small multi-particle-state contributions in case of large L. However, this argument is not fully convincing. Although the contribution of each individual multi-particle state diminishes, more and more states contribute the larger the volume gets. After all, the multi-particle state contribution is not a finite volume (FV) effect that will disappear in the infinite-volume limit.
In practice one often tries to account for the excited-state contributions by using multi-state fit ansaetze to analyze lattice data. Recently, up to three excited states were kept in (2) for the analysis of the 2pt function. 15 However, in fits with more than one excited state the coefficients and mass gaps are very often found to be ill-determined. Although in these cases the fits can be stabilized with a Bayesian analysis and priors for the coefficients and mass gaps, multi-state fits including a few excited states are in general difficult to carry out.
As already mentioned in the introduction, ChPT can be employed to obtain estimates for the coefficients associated with multi-particle states involving the nucleon and additional pions. This by itself is perhaps not too surprising, since the coefficients are vacuum-to-excited-state matrix elements of the nucleon interpolating fields. Relevant in practice is that the low-energy-coefficients (LECs) associated with the interpolating fields, which are completely unknown, do not enter at LO in the chiral expansion. Therefore, LO ChPT makes a definite prediction for the multi-particle-state contribution to the 2pt function and the effective mass.
An alternative way to deal with multi-particle states in spectroscopy calculations is the well-known variational method. 16 It can be used provided interpolating fields for the multi-particle states are taken into account. [17] [18] [19] [20] However, the numerical cost grows significantly with the number of interpolating fields since the generalized eigenvalue problem one has to solve gets larger. In addition, the number of Wick contractions involved in computing the correlation functions grows rapidly once interpolating fields for multi-particle states are used.
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So far we discussed the simplest nucleon correlation function, the 2pt function. The impact of excited states is expected to be even more severe in 3pt functions, which are usually measured to calculate various nucleon charges, for example. The nucleon charge g X refers to the matrix element N ( p)|O X |N ( p) , where O X denotes either the vector or axial vector current, the tensor or scalar density. The most prominent one is certainly the nucleon axial charge g A . It is very precisely known experimentally from neutron beta decay, g A,exp = 1.2723 (23) . 21 The scalar and tensor charge g S , g T are only poorly known, but there is a revived interest in them: New nuclear beta-decay experiments aim at an order of magnitude more precise upper bounds for these charges. In order to constrain beyond-standardmodel physics lattice QCD estimates for these charges with 10-15% uncertainties are needed.
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The standard way to compute the nucleon charges is well-known: One first computes the 3pt function
involving the same interpolating nucleon fields as in the 2pt function. The operator O X ( y, t ) is placed at an operator insertion time t satisfying t > t > 0. Γ X denotes a spin projection matrix chosen such that the leading part of the 3pt function is proportional to the nucleon charge g X (see Ref. 23 , for instance). Secondly, one forms the ratio with the 2pt function,
Performing the standard spectral decomposition of the two correlation functions and taking all times t, t and t − t to be large it is straightforward to show that the ratio R X has the following asymptotic form:
By construction, the ratio tends to a constant, the nucleon charge one is interested in. In addition there are excited-state contributions from resonance and multiparticle states. The coefficients b X,n ,b X,n andc X,n are ratios of various matrix elements involving O X and the interpolating fields N, N . The main point is that in practice we are here confronted with smaller time separations, t − t and t , than in the 2pt function. Therefore, we expect a less efficient exponential suppression and larger excited-state contributions in the calculation of the nucleon charges. How large the excited-state contribution actually is depends also on the size of the coefficients b X,n ,b X,n andc X,n . Note that not even the sign of the coefficients is a priori determined, and depending on the signs the excited-state contamination can result in R X (t, t ) > g X or R X (t, t ) < g X .
As for the 2pt function, ChPT can be employed to compute the coefficients associated with the N π states, which are expected to contribute the dominant multi-particle-state contribution for large time separations. To LO the results for these coefficients are essentially parameter free predictions, i.e. no unknown LECs enter the results. In particular, the LECs associated with the nucleon interpolating fields do not enter at LO. In the end we are able to obtain concrete estimates for the N π contribution in all three charges.
The calculation is not restricted to the various nucleon charges, but can be repeated with little modification to the calculation of the N π contribution to moments of parton distribution functions (PDFs). The reason is that these moments, at leading twist, can be extracted from nucleon matrix elements involving local one-derivative operators. The strategy to compute these in lattice simulations is the same as outlined before for the nucleon charges. The most interesting moments are the the quark momentum fraction x u−d , the helicity moment x ∆u−∆d and the transversity moment x δu−δd . As non-singlet quantities their lattice calculation is fairly straightforward, thus these moments are, together with the nucleon axial, tensor and scalar charge, the simplest hadron structure observables one can measure on the lattice. Recently, the ETM collaboration has presented results for all six observables obtained in physical point simulations. 23 
ChPT including nucleons

Preliminaries
ChPT, 24-26 the low-energy effective theory of QCD involving the pseudoscalar fields, can be extended to include heavy matter fields as well.
3 Probably the most important extension is the inclusion of baryons, leading to so-called baryon ChPT (BChPT). 32, 33 The main idea is to consider the baryons as massive matter fields that couple to pions weakly as long as the exchanged 3-momenta are small. This also implies that baryon number is conserved in all interaction processes. Moreover, the baryon-pion coupling is constrained by spontaneously broken chiral symmetry.
Baryon ChPT has a variety of applications, for instance the computation of nucleon-pion scattering or nucleon form factors. Having lattice QCD in mind, BChPT has also been used to compute the quark mass dependence of nucleon observables, and FV effects due to the pions. A review of BChPT that also covers applications to lattice QCD is given in Ref. 34 . In addition there exist many useful lecture notes which differ in scope and length, see Refs. 30, 35, 36, for instance. The reader is referred to these resources for introductions to BChPT. Here we will focus only on those aspects that are relevant for the application we have in mind, the calculation of the N π contamination in nucleon correlation functions measured in lattice QCD.
Chiral Lagrangian and effective operators to LO
ChPT is an expansion in powers of pion momenta and quark masses. Thus, the chiral lagrangian is organized in powers of derivatives acting on the pion fields and in powers of the light quark masses. The standard power counting rules count two derivatives as one quark mass. 25 In addition to the power counting the main construction principle for the chiral lagrangian rests on symmetries: One simply writes down the most general chiral Lagrangian that is compatible with the symmetries of QCD, the underlying theory ChPT is supposed to describe at low energies.
In the following we use the covariant formulation of BChPT for reasons of convenience. Manifest Lorentz covariance simplifies the construction of the effective operators needed for our calculation, as discussed below. In addition, many useful results can be found in the literature and need not be derived from scratch. For simplicity we consider SU(2) BChPT with exact isospin symmetry. Therefore, the degrees of freedom in the chiral theory are the three mass degenerate pions and the mass degenerate proton and nucleon, forming the nucleon doublet.
The chiral Lagrangian to LO has been known for quite some time 32 and reads
Here L (2) ππ is the standard two-flavor mesonic chiral Lagrangian to LO. 37 The other part L (1) N π contains the nucleon fields and their coupling to the pions. The superscripts denote the low-energy (or chiral) dimension of these lagrangians, i.e. they count the number of derivatives in these terms. 32 In mesonic ChPT the Lagrangians come only in even powers of derivatives, simply because an even number of derivatives is needed to construct a Lorentz scalar. The nucleon-pion part, on the other hand, allows even and odd powers, essentially due to the possible presence of Dirac matrices in terms containing the (fermionic) nucleon field.
Expanding L eff in powers of pion fields and keeping interaction terms with one pion field only we find (for euclidean space time)
The nucleon fields Ψ = (p, n) T and Ψ = (p, n) contain the Dirac fields for the proton p and the neutron n. M π = 2Bm and f denote the pion mass and the chiral limit value of the pion decay constant. Both f and B (related to the chiral condensate) are LECs associated with L N π . The third term on the right hand side of (8) is the leading interaction term. It is proportional to the axial charge and couples two axial vectors to obtain a Lorentz scalar. It describes the well-known one-pion exchange interaction between two nucleons. In the following we will present LO results only, and for those the lagrangian in eq. (8) will be sufficient. Even though we will not encounter any of the difficulties that appear at higher than LO a short comment seems appropriate.
The chiral Lagrangian for BChPT is known through L
N π . 38 The terms at this order are needed for calculations at the one-loop level. However, the loop-expansion in BChPT is non-trivial, because loop diagrams do not automatically obey the naive power-counting rules of the chiral expansion. The reason is the nucleon mass that enters the loop integrals, which is not small and does not vanish in the chiral limit. Possible remedies for this problem are well-known in the literature. For example, heavy-baryon ChPT (HBChPT) 39, 40 eliminates the nucleon mass mass from the nucleon propagator and is essentially an additional expansion in inverse powers of M N . Another method is the so-called infrared regularization, which is a manifestly covariant way to calculate loop diagrams in BChPT. 33 The main ideas of the various approaches are carefully explained in Ref. 34 . Even though we do not need the details here since we work at LO only, it is worth emphasizing that the techniques to perform calculations beyond that order are well understood.
We are mainly interested in the 3pt functions involving various quark bilinears, so we need the expressions for these operators in the effective theory. The expressions for the vector and axial vector currents, as well as the scalar density are well-established. They are usually derived from the effective Lagrangian in presence of external source fields for the operators and by taking derivatives with respect to these external fields. For example, for the vector and axial vector currents one finds the following LO expressions,
The first two terms in each expression on the right hand side stem from L
N π , the remaining one from L (2) ππ . Each term in these expressions transforms correctly as a vector or axial vector current. Still, the LECs associated with each term are not arbitrary but involve only the LECs we have already found in the effective Lagrangian (8) . This is a consequence of the chiral Ward identities of QCD. Chiral symmetry relates correlation functions involving the vector and axial vector currents, and the effective theory reproduces the Ward identities only if the LECs in the chiral Lagrangian and the expressions for the operators are related.
Similar relations can also be observed in the expressions for the operators associated with the PDF moments. At the quark level the quark momentum fraction x u−d and the helicity moment x ∆u−∆d can be extracted from the nucleon matrix elements of the operators
T denotes the isospin quark doublet, the SU(2) generators are defined as half of the Pauli matrices, T a = σ a /2, and the (color covariant) derivative is given
The curly brackets refer to symmetrization with respect to the two Lorentz indices, and a subtraction of the trace part is also implied.
Based on the transformation properties under chiral symmetry, parity and charge conjugation the ChPT expressions for these operators have been constructed in Refs. 41, 42 . To LO and to one power in the pion fields one finds the expressions
The derivative
contains the standard partial derivatives acting on the nucleon fields. Besides f these expressions contain two more LECs, a 4 Their normalization is chosen such that these coefficients correspond to the chiral limit values of the momentum fraction x u−d and the helicity moment x ∆u−∆d , respectively. The results resemble the expressions for the vector and axial vector currents. There are two contributions and their LECs are related due to chiral symmetry. On the other hand, there is no contribution involving pion fields only. The reason is that Lorentz indices in terms with pion fields can only come from partial derivatives, and we need at least two of those to form a symmetric tensor. Such an expression is necessarily two orders higher in the chiral power counting.
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The remaining expression we need for the computation of the scalar and tensor charges g S , g T are
and the operator used to obtain the transversity moment x δu−δd is given by
Here too we have already expanded in powers of pion fields, and we dropped all contributions involving more than one. The LEC δa v 2,0 in (15) is chosen such that it corresponds to the chiral limit value of the transversity moment.
All these expressions consist of one term only at LO. Other contributions are necessarily of higher order, for instance purely pionic contributions to the tensor operators since these involve too many partial derivatives acting on the pion fields.
In their original papers (Refs. 25, 26) Gasser and Leutwyler did not consider source fields for the tensor bilinear qσ µν T a q. A reason might be that in the standard model there is no obvious source that couples directly to it, in contrast to the vector and axial vector currents that couple to the electromagnetic and weak interactions. Still, tensor source fields can be included along the same lines as source fields for the vector and axial vector currents or the scalar and pseudo scalar densities. Taking into account the symmetry properties under chiral symmetry, parity and charge conjugation the source term is mapped to ChPT and the effective operator is obtained as usual via a derivative with respect to the source field. Mesonic ChPT with a tensor source field has been constructed some time ago in Ref. 43 , but the generalization to covariant BChPT is, to our knowledge, missing. Following the general construction steps mentioned before the LO chiral expressions for the tensor operators in eqs. (14) and (15) are derived in Refs. 5, 6 .
Finally, we need the chiral expressions for the nucleon interpolating fields entering the correlation functions. Based on the symmetry properties of the interpolating fields on the quark level we construct the most general expression in the effective theory that has the same symmetry properties.
At the quark level there exist many choices for the interpolating field N with the quantum numbers of the nucleon. The number is significantly reduced if we consider local operators composed of three quark fields at the same point x. If, in addition, we constrain ourselves to operators without derivatives there exist only five different ones, but, as a consequence of Fierz identities, only two of them are independent. [44] [45] [46] To write them down it is convenient to introduce the quark field
with C denoting the charge conjugation matrix. With this definition the two independent nucleon operators can be written as
5 Square brackets refer to antisymmetrization with respect the associated Lorentz indices.
This compact form suppresses the contraction of the isospin and Dirac indices in the bilinear quark fields (qq) and (qγ 5 q) ("diquarks") and the summation over the color indices with the totally antisymmetric tensor abc to form a color singlet. Note that the nucleon operators N i are still isospin doublets. To project onto the quark content of the proton and neutron one has to contract with the isospin basis vectors e p = (1, 0)
T and e n = (0, 1) T , respectively. The transformation properties of the N k , k = 1, 2 under chiral and parity transformations are easily worked out from the transformation behavior of the quark field, and the details can be found in Ref. 46 . The mapping to BChPT is then straightforward and has essentially been done in Ref. 47 . At lowest chiral dimension (which is zero) only one effective operator with one unknown LECα k contributes. Expanding it in powers of pion fields and keeping only the terms up to linear order we obtain for N k the chiral expression
The first term is proportional to the nucleon field Ψ, as expected. The second term involves a nucleon-pion coupling that will contribute to the two-particle N π contribution in the correlation functions we are interested in. Note that the chiral expression (18) is essentially the same for the two interpolating fields, the only difference being the a priori different values for the LECsα 1 andα 2 . The reason is that the two interpolating fields in eq. (17) transform the same way under chiral and parity transformations, thus both map onto the same operator in the effective theory.
Even though not directly needed in the following we also quote the chiral expressions for the interpolating fields at the next order. At chiral dimension 1 two terms with two LECsβ k,1 andβ k,2 contribute. 47 Expanding again to linear order in the pion fields we obtain
In contrast to the N π term in (18) the pion fields enter with an additional partial derivative, thus the terms in (19) have chiral dimension 1. So far we considered local interpolating fields only. In lattice QCD so-called smeared interpolators are very often used to suppress excited-state contributions in the correlation function. Smeared nucleon interpolating fields are formed as in (17) but with the local quark fields replaced by smeared ones. These are generically of the form
with some gauge covariant kernel K(x − y) which is essentially zero for |x − y| larger than some "smearing radius" R sm . The kernel depends on the details of the smearing procedure. For example, Gaussian and exponential smearing [48] [49] [50] is local in time and the kernel contains a delta function in the euclidean time coordinate. In contrast, the gradient flow 51 is a truly four-dimensional smearing. What matters for the mapping to ChPT are the transformation properties of the smeared quark fields. Provided the kernel is diagonal in spinor space (as it usually is, for example for the smearing methods mentioned before) the smeared quark fields transform just as the unsmeared ones under parity and global chiral transformations. Consequently, also the nucleon interpolating fields formed with the smeared quark fields transform just as their local counterparts. Since the symmetry properties of the interpolating fields determine their expression in ChPT we can conclude that both local and smeared interpolating fields are mapped onto the same effective operator. The only difference are the different values for the LECs.
However, one condition has to be imposed here. Smeared interpolators with some "size" are mapped onto pointlike nucleon field in the chiral effective theory. For this to be a good approximation the smearing radius needs to small compared to the Compton wave length of the pion,
Provided this condition is met the pions do not distinguish between smeared and pointlike interpolating fields. A concrete example is given in Ref. 8 where ChPT for observables based on the gradient flow has been constructed. For physical pion masses the right hand side of (21) is about 1.4 fm. For smearing radii of a few tenths of a fermi the bound seems reasonably well satisfied. In practice R sm of 0.5 fm or even larger are often used, which are probably too large for the description of smeared interpolators by point like nucleon fields. Eventually this has to be checked by comparing the results of ChPT with actual lattice data.
We emphasize that the presence of N π terms in (18) and (19) has nothing to do with smearing, these contributions are also present for point like interpolating fields. Smearing effects the values of the LECs in these expressions.
The correlation functions in ChPT
Preliminaries
The 2pt and 3pt functions in eqs. (1), (2) can be computed perturbatively in ChPT provided the time scales t and t are large. Large here means that the correlation functions are dominated by pion physics that is captured by ChPT.
Given the explicit expressions in the last section, eqs. (8) - (15) and eq. (18), the perturbative expansion of the correlation functions is standard and straightforward. Recall that we assume a finite spatial volume with periodic boundary conditions imposed, so the spatial momenta in the propagators are discrete. For simplicity we assume an infinite time extent leading to a simple exponential decay of the correlation functions.
Since we are interested in the time dependence of the correlation functions the time-momentum representation of the propagators is convenient. The pion propa- 22) in this representation, with pion energy E π,n = p 2 n + M 2 π . The sum runs over the spatial momenta p n allowed by the boundary conditions. An analogous expression is found for the nucleon propagator.
3
The leading Feynman diagrams are depicted in figure 2. They are essentially the (zero-momentum) nucleon propagator and provide the leading single-nucleonstate contribution to the correlation functions. For example, the result for the 2pt function is given by
Comparing this result with the general expression in eq. (2) we indeed find the first exponential and identify c 0 with 2|α k | 2 . Note that for (23) we have taken the same interpolating field at source and sink. This implies that the LECs associated with the interpolating fields appear as |α k | 2 and G N 2pt is real and positive. If different interpolating fields are used at source and sink this will not be the case: The LECs appear as the productα kα * k and the reality and positivity properties of G N 2pt are lost.
The single-nucleon contributions to the 3pt function are also very simple: The 3pt function is proportional to the 2pt function, and the proportionality constant is essentially either the charge or the moment associated with the operator used in the 3pt function. For example, in case of the axial vector current we find
Thus, we confirm the asymptotic value for the ratio R A as specified in eq. (6) . Note that this result and the analogous ones for the other operators are obtained by construction. They essentially mean that the identification of the unknown LECs in eqs. (9) - (15) with the charges and moments has been done correctly. Figure 3 shows the leading diagrams with an N π-state contribution to the 2pt function, i.e. they contain a contribution that drops off exponentially with the total energy E N π,n = E N,n +E π,n of a nucleon-pion state, where the spatial momenta are back-to-back, p N,n = − p π,n . We are interested in the prefactor of the exponential exp(−E N π,n t), which is easily read off once the diagram is computed. We emphasize that even though the diagrams in fig. 3 are 1-loop diagrams the calculation of the N π-state contribution is a tree-level calculation. However, diagrams b) -d) also contain single-nucleon contributions dropping off with exp(−M N t). We can ignore these contributions for our purposes here, at least in a LO calculation, but for this single-nucleon contribution the diagrams do involve a sum over all momenta of the intermediate N π pair. Diagram b) is a familiar example. This diagram is essentially the nucleon self-energy diagram that leads to the well-known M 3 π term in the 1-loop ChPT result for the nucleon mass.
N π contribution in the 2pt function
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The final result for the coefficients in the 2pt function illustrates some generic features, and it is simple enough to be displayed completely:
We find it useful to write the coefficients c 2pt,n as a product of two universal factors and a"reduced" coefficient C 2pt,n . The first factor on the right hand side shows the anticipated volume suppression factor 1/L 3 of a two-particle state in a finite spatial volume. It combines with the pion decay constant and the pion energy to the dimensionless combination 1/(f L)
2 E π,n L. We already mentioned that the nucleon-pion state with both particles at rest does not contribute to the correlation function because it is parity odd. The second factor (1 − M N /E N,n ) guarantees exactly this since it vanishes if the momentum of the nucleon (and the pion) is zero.
The non-trivial result of the ChPT calculation is the remaining term C 2pt,n , which is given by
Here we introduced the (momentum-dependent) combination
The factor 3 in eq. (27) stems from N 2 f − 1 with N f = 2 in the two-flavor theory. Comparing these results with the coefficients in the general expression (2) we find them to be given by 2|α k | 2 c 2pt,n , n > 0. In particular, the LECs associated with the nucleon interpolating fields enter as a multiplicative constant. This can be traced back to eq. (18) where the LECα k appears as an overall constant too. This implies that the LEC combination 2|α k | 2 cancels in the ratios c n /c 0 that appear in the result for the effective mass, eq. (3). Explicitly we find (∆E n = E N π,n − M N )
Consequently, the LO N π-state contribution to the effective mass is the same for pointlike and for smeared interpolating fields, since the difference between these interpolators is encoded in their different values for the LECs. However, this universality property will be lost at higher orders in the chiral expansion. At the next order diagrams involving the vertices in eq. (19) need to be taken into account. These contain the LECsβ k,1 andβ k,2 , thus the results for the effective mass will depend on the ratios |β k,1 /α k | 2 and |β k,2 /α k | 2 . We already mentioned that the 2pt function was independently calculated in Ref. 4 using HBChPT. In that non-relativistic formulation the antinucleon degrees of freedom are dropped and the dispersion relation of the heavy nucleon is nonrelativistic. The HBChPT results can be obtained from the ones derived in the covariant formulation once the appropriate expansion is done: If we expand E N,n ≈ M N + p 2 n /2M N in (26) and drop all but the dominant terms we indeed reproduce the result in Ref. 4 .
We also mention that the LO ChPT results given above were recently rederived in Ref. 52 using the Lellouch-Lüscher formalism developed in Ref. 53 . Even though the calculational details are quite different compared to the direct computation of the Feynman diagrams in fig. 3 , the final result for the 2pt function is the same. Figure 4 shows the leading diagrams with an N π-state contribution to the 3pt functions. The calculation follows the same principles as the corresponding one for the 2pt function. Each diagram has at least one contribution proportional to an exponential exp(−E N π,n τ ), with τ equal to either t−t , t or t, and we are interested in the prefactors of these exponentials. As for the 2pt function this is a tree-level calculation despite the loop character of the diagrams in fig. 4 . Not all diagrams contribute for all operators introduced in section 3.2. For example, the last four diagrams in fig. 4 contribute to the vector current correlator only. They involve the vertex stemming from the pure pion term in eq. (9) . For the a) correlation functions involving the scalar density and the two tensor operators only the first eight diagrams contribute. Forming the ratio R X in (5) the result can be written as
N π contribution in the 3pt functions
This is the form of eq. (6), although the coefficients b X,n ,b X,n ,c X,n differ by a factor g X . The coefficients for the ratios involving the operators we are interested in were computed in Refs. 5, 6. The full results are not very illuminating and not shown here. We restrict ourselves to a few comments. As in the 2pt function the results can be written as products of a reduced coefficients and the two universal factors also present in the result for the 2pt function in eq. (26) . The factor (1 − M N /E N,n ) guarantees again that the N π state with both the nucleon and pion at rest does not contribute.
By definition the coefficients b X,n ,b X,n ,c X,n in (30) are dimensionless. Thus, they are functions of dimensionless combinations of the various input parameters. In total there are five different ones and a possible choice is
Recall that the LECs here are the chiral limit values of the pion decay constant, the axial charge and the ratio x u−d / x ∆u−∆d . On the other hand, the coefficients do not depend on the LECs associated with the nucleon interpolating fields, since these drop out in the ratio. Therefore, the LO results for the ratios is the same for point-like and smeared interpolators. In practice the various nucleon charges and moments are obtained from fits of the expected form in eq. (30) to numerical lattice data. Without any excited-state contribution one performs fits to constants, and each charge and each moment will be an independent fit parameter. No additional fit parameters enter if the N π contribution is included in a simultaneous fit of all ratios and the effective mass.
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In that sense LO ChPT makes definite predictions: The LO N π contributions are given in terms of the LO single nucleon contributions.
In case of isospin symmetry the vector current is conserved. This implies that the 3pt function of the vector current is exactly given by the conserved charge times the 2pt function. In terms of the coefficients in eq. (30) this statement reads b V,n =b V,n =c V,n = 0. This is indeed what one finds in an explicit calculation. Even though not very interesting physically this result has provided a non-trivial check on the programs written to compute the diagrams for general operators O X . In that context it is worth pointing out that the result for R A has been confirmed in Ref. 52 . In addition, in the HB limit we recover the result in Ref. 4 for the axial vector 3pt function.
Impact on lattice calculations
Preliminaries
The LO N π contribution to the nucleon correlation functions we are interested in depends on a five LECs only, see eq. (31) . Fortunately, exactly these LECs are known rather precisely either from experiment or phenomenologically. Assuming these values in our results we get estimates for the N π contribution and can make predictions about the expected impact in lattice simulations.
The five LECs are the chiral limit values of the pion decay constant, the axial charge and the ratio of the average momentum fraction and the helicity moment. To LO we can use the experimental values for these LECs, i.e. we can set g A = 1.27 and f = f π = 93 MeV. 21 The ratio a 54, 55 We can ignore the errors in these phenomenological values since they are too small to be significant for our LO estimates.
We are mainly interested in the N π contributions at the physical point, so we fix the pion and nucleon mass to their physical values. Here it is sufficient to use Table 1 : E N π,nmax and n max and as a function of p nmax /Λ χ ; see main text. (29), (30) run over the discrete spatial momenta that are compatible with the periodic boundary conditions we imposed. Not only for practical reasons we need to restrict the sum to momenta smaller than a maximal value satisfying p n ≤ p nmax . Finite volume ChPT is an expansion in p n /Λ χ , where the chiral scale Λ χ is typically identified with 4πf π . 56 The smaller p nmax /Λ χ the better the ChPT result for the N π contribution taken into account in the sum. In order to be a good approximation for the complete N π contribution the truncated part needs to be small and negligible, and this can only be achieved by considering the correlation functions for sufficiently large time separations. We will discuss this in more detail in the next two subsections.
In the following we will compare the N π contribution for the three different values for p nmax /Λ χ specified in table 1. Obviously there is some arbitrariness in choosing these values, but for the smallest one with p nmax /Λ χ = 0.3 one expects a reasonably well behaved chiral expansion. This will not be the case for p nmax /Λ χ = 0.6, the largest value we consider. Still, it turns out that for source-sink separations between 1 and 2 fm one has to include N π states with that high momenta to saturate the sums in (29) , (30) . Table 1 also includes the energy E N π,nmax of the N π state with back-to-back momenta p nmax . For our smallest momentum bound the energy E N π,nmax seems sufficiently well separated from the energy of the first resonance state, which is expected to be somewhere near 1.45 GeV. In that case we may ignore mixing effects with the resonance state that is not captured in LO ChPT. The energies for the other two bounds are above the energy of the first resonance. Including N π states with such high energies without taking into account the effect of the resonance is an approximation, and the results derived from it need to be interpreted with some care.
Placing a bound p nmax on the spatial momenta translates into n max , the number of N π states taken into account in the sums. This number depends on the spatial lattice size L. For comparison we consider three different lattice sizes, M π L = 4, 5 and 6. The smallest value is a common value that many collaborations try to reach or exceed in order to keep FV effects small. The largest value is motivated by the simulation setup of the PACS-CS collaboration.
57 n max for these three volumes are also given in table 1. Apparently, the number of states increases rapidly with larger lattices sizes L. Without any excited state contribution this ratio would be equal to 1. Any deviation from this constant value shows directly the N π contribution to the effective mass in percent. Results are shown for the three different lattice sizes (solid, dashed and dotted lines) and the three different energies E N π,nmax (black, blue and red lines) specified in table 1.
Impact on the determination of the nucleon mass
Apparently, the differences between lines of the same color are very small, i.e. the N π contribution is essentially the same for the three different M π L values displayed in the figure. This stems from the fact that the energy interval of the N π states we consider, [M N + M π , E N π,nmax ], is essentially kept constant for the three different volumes, leading to the different n max values listed in table 1. If instead n max is kept fixed as the lattice size L is varied one finds a strong volume dependence. This is illustrated in figure 6 , which shows the results with n max kept fixed at the values for M π L = 4, i.e. n max = 2, 5, 10. In that case we can observe a clear spread in the curves with the same color, showing a significant decrease of the N π contribution for M π L getting larger. Figure 5 also shows the impact of the N π states as n max is increased. To a good approximation the red curves saturate the sum in the effective mass; adding more states does not change the results significantly, at least for the source-sink separations larger than about 1 fm. Therefore, we may call the red curve the full N π contribution for short.
The figure shows clearly what we remarked before: The larger t the smaller the impact of the high momentum N π states relative to the impact of the lowest ones. To be specific let us consider M π L = 4. At t = 1.8 fm the contribution from the first two states (black curve) makes approximately 75% of the full contribution (red curve). At source-sink separations as large as this we may ignore all but the lowest two states. For those we expect our LO result to give a reasonably good estimate for the N π contribution; the NLO correction is O(p 2 ) and one may expect, as a naive estimate, a 30% correction. A more honest error estimate requires the result of the NLO calculation.
For smaller t the impact of the higher momentum N π states increases slowly. At t = 1.1 fm the lowest two states contribute approximately 50% to the full contribution. The contribution of the high-momentum N π states is prone to larger NLO corrections and we get a cruder estimate. Reading off a +1% N π contribution at t ≈ 1.1 fm and allowing for a 50% error due to higher order corrections we arrive roughly at a 1-2% overestimation of the nucleon mass. The error estimate is a naive guess that can be put on firmer grounds with a calculation at NLO.
For t even smaller than about 1.1 fm the higher momentum N π states rapidly dominate the N π contribution and we cannot expect the LO ChPT result to be a reasonable approximation anymore. It is also likely that working to higher order in the chiral expansion will not help in going to such small source-sink separations. However, we may still conclude that as many as 10 N π states (in case of M π L = 4) contribute substantially to the effective mass for source-sink separations of about 1 fm and below, a slightly unsettling high number.
In any case, the N π contribution to the effective mass is rather small for the source-sink separations that are accessible in today's lattice simulations. For t 1.1 fm it is less than about 1-2% even if we allow for a 50% error due to higher order corrections. Whether this systematic uncertainty plays a role in practice depends on the statistical errors in the lattice data. It seems fair to say that the N π contribution can be ignored unless the statistical errors in the data are less than a percent. As we will see in the next section, a similarly comforting statement cannot be made for the determination of the various nucleon charges and moments.
Although we are mainly interested in the N π contribution for physical pion masses it is interesting to compare the results to those obtained for heavier pions. For a larger than physical pion mass one expects the N π contribution to become rapidly smaller. As an illustration, fig. 7 shows the ratio M N,eff (t)/M N for M π L = 4 at the physical point (solid lines) compared to those for M π /M N = 0.27 (dashed lines). This value is close to the one found by the RQCD collaboration in their simulations with a pion mass of about 295 MeV. 58 If we keep M π L = 4 fixed the spatial volume is smaller than in the case with a physical pion mass, implying larger discrete spatial momenta of the moving nucleon and pion. Therefore, the energy gaps ∆E n in (29) are larger and a faster exponential suppression of the N π contribution is expected. Figure 7 supports this expectation. The full N π contribution is significantly reduced and the impact of the higher momentum N π states is drastically reduced. Even at t = 1.1 fm the first two states (dashed black curve) contribute approximately 90% to the full contribution (dashed red curve). For smaller t the contribution of the higher momentum states increases rapidly again. Interestingly, the curves for the contribution of the lowest two states (black curves) cross at t ≈ 1 fm. So despite the larger energy gaps for the heavier pion mass the lowest two states have the same impact as the lowest two states for the physical pion mass. The reason is the larger values for the coefficients c 2pt,n for the heavier pion mass, which are about a factor 4 larger than their analogues for the physical pion mass. Even though we need to be careful with drawing conclusions from our LO results at small t values, this example serves as a warning that prejudices about excited-state contributions based on the energy gaps alone can be misleading.
Impact on the determination of the charges and moments
In the following we estimate the impact of the N π-state contribution on the determination of the various charges and moments. Two methods are widely used in lattice calculations, the plateau and the summation method. Starting point of both methods is the ratio R X (t, t ) defined in eq. (5).
For a given source-sink separation t the N π-state contribution to R X is minimal if the operator insertion time t is in the middle between source and sink. Therefore, the best estimate for the charges and moments is the midpoint value R X (t, t/2). This midpoint estimate is essentially equivalent to what is called the plateau estimate in lattice determinations, and we will use this terminology here as well. The plateau estimate still depends on the source-sink separation due to excited states. Generically we find
for the nucleon charges and, adjusting the prefactor, for the moments. The main observation of the summation method 59, 60 is that the ratio R X apparently has a stronger exponential suppression once the sum over all insertion times t is taken. More precisely, the summation estimate s X is defined as
and starting with R X in (30) we obtain
Compared with result (32) for the plateau estimate the exponential suppression is stronger. Still, in practice the summation estimate is not necessarily superior. The derivative typically results in larger statistical errors for the summation estimate:
In lattice calculations one needs the integral in eq. (33) for at least three times t and performs a linear fit to obtain the slope g X . This typically results in larger statistical uncertainties compared with the plateau estimate. Fig. 8 shows the ratio R A (t, t/2)/g A as a function of the source-sink separation t. Without any excited-state contribution this ratio would be equal to 1. Any deviation from this constant value shows directly the N π contribution to the plateau estimate in percent. Results are shown for the three different lattice sizes (solid, dashed and dotted lines) and the three different energies E N π,nmax (black, blue and red lines) specified in table 1.
Plateau estimate
Qualitatively fig. 8 looks similar to fig. 5 . According to eq. (30) the ratio is equal to 1 plus a sum of exponentials. The ChPT results for the coefficients b A,n ,b A,n multiplying the dominant exponentials are positive, thus the ratio is larger than 1 and the N π contribution in the plateau estimate leads to an overestimation of the axial charge.
As for the effective mass the results for the three different M π L values lie essentially on top of each other; the differences are at the per mille level. We emphasize once again that this small FV dependence requires the energy interval of the N π states taken into account kept fixed as M π L is varied.
A big difference compared to the effective mass results is that the source-sink separation needs to be significantly larger to suppress the high-momentum N π states. To be specific let us consider again the M π L = 4 results. At t = 2.5 fm the contribution of the first two N π states (black curve) makes about 70 % of the full contribution (red curve). To capture half of the full contribution t still needs R X (t, t/2)/g X and R X (t, t/2)/Π X Results: Midpoint estimate for all charges and moments to be 1.5 fm. The blue curve, showing the N π contribution of the lowest five N π states, captures about 90% for t ≈ 2 fm. As discussed before, we want the lowmomentum N π states to dominate the excited-state contribution, since only for those we can expect a well-behaved chiral expansion with moderate higher-order corrections. Therefore, looking at fig. 8 we may conclude that source-sink separations of about 2 fm and larger are required for ChPT to make reliable estimates. How large the higher order corrections at these source-sink separations are is hard to predict. The naive error estimates we have made for the effective mass suggests here a 30-50% uncertainty for t 2 fm, and a more solid error estimate requires the calculation at NLO. With this caveat in mind we may conclude that the N π-state contribution in the plateau estimate leads to an overestimation of the axial charge by about 4% at t ≈ 2 fm.
Qualitatively the same results are found for the tensor and scalar charges and the three moments. Fig. 9 shows the plateau estimate normalized by either the charge or the moment. As for the axial charge we only find a tiny dependence on M π L in all cases, so fig.9 shows the M π L = 4 results only. Moreover, only the results for p nmax /Λ χ = 0.45 (second row in table 1) are displayed. 8 Although the source-sink separation in fig. 9 starts at t = 1 fm we find that, analogous to the axial charge, t needs to be 2 fm or larger for the contribution of the high-momentum N π-states to be sufficiently suppressed. Therefore, the results displayed in fig. 9 are expected to be reliable only for t 2 fm. Fig. 9 shows that the N π-state contribution in the plateau estimates leads to an overestimation for all three charges and the three moments we consider here. The overestimation is smallest for the axial charge and largest for the scalar charge. For the latter the overestimation is about twice as big as for g A . The N π contribution to the average momentum fraction and the helicity moment is roughly of the same size as for the scalar charge. In summary we find an overestimation of about 5-10% at t ≈ 2 fm, and it slowly decreases to 3-6% at t ≈ 2.5 fm.
Comment on the summation estimate
The summation method 59, 60 starts from the ratio R X and computes the integral S X (t, t m ) = t−tm tm dt R X (t, t ). As a function of t (keeping t m fixed) the slope is proportional to the moment one is interested in. In actual lattice determinations t m is taken to be essentially zero, so the integral is computed for all insertion times t between source and sink. On the other hand, for ChPT to give a good approximation of R X all time separations need to be large. Based on the results in the last section we need to require a minimal time separation of about 1 fm for t m and t − t m . In addition we need a non-zero time interval t − 2t m to integrate over. This implies source-sink separations of at least 2.5 fm if not larger. Such large values are currently not accessible in lattice simulations, so here we do not consider the summation method any further. In case of the nucleon charges more details concerning the summation method can be found in Ref. 5.
Comparison with lattice data and discussion
Some collaborations have already performed lattice calculations of the various charges and moments with a pion mass at or near the physical value. 23, 58, [61] [62] [63] [64] The main obstacle for directly applying the ChPT results to these lattice calculations are the fairly small source-sink separations in these simulations. In most cases the maximal source-sink separation t max used to extract the charges and moments with the plateau method ranges between 1.1 and 1.3 fm. As discussed in the previous section, we do not expect ChPT to provide solid results unless the source-sink separations are about 2 fm or even larger. Still, it is useful to compare the existing lattice results with our ChPT results, since eventually the latter are expected to be reproduced.
Most of the existing lattice results for the charges and moments were obtained for pion masses larger than the physical value. There exist many reviews summarizing these results, and we simply refer to the most recent ones and the references therein.
65-68 Here we focus on results obtained with pion masses not larger than 150 MeV. We are mainly interested in results for the axial charge, the average momentum fraction and the helicity moment. For these observables the experimental and phenomenological values are known rather precisely, thus we have data showing the discrepancy between these values and the lattice estimates.
In case of the axial charge Refs. 23, 58 provide plateau estimates as a function of the source-sink separation. In other references either the summation method 63 or two-state fits 61 were used to extract the axial charge, and these estimates cannot be compared with the ChPT results presented in the previous section. The plateau estimates shown in fig. 10 were obtained for source-sink separations between 0.9 and 1.3 fm. The plateau estimates are below the experimental value since R A (t, t/2)/g A,exp < 1, although the estimate at t = 1.3 fm agrees with g A,exp given the rather large error bar. The ChPT prediction for the overestimation due to the N π states is also shown, but we have truncated the result at t = 2 fm. Apparently, there is still lots of room for the lattice data to connect smoothly with the ChPT prediction when t is increased. In the most naive scenario R A (t, t/2)/g A,exp increases and crosses 1 at some t between 1.5 fm and 2 fm, followed by a slow decrease to the asymptotic value. Whether this indeed happens needs to be checked, of course. This requires lattice calculations of g A at t larger than 1.5 fm with a few percent precision.
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If indeed realized, such a scenario is potentially misleading in practice. Since fig. 9 is also shown for t ≥ 2 fm by the red dashed line (dotted between t = 1.3 fm and 2 fm where the ChPT result is expected to receive large higher order corrections). the plateau estimate approaches the experimental value at some t well before the asymptotic region is reached, one might be tempted to stop simulating at larger source-sink separations. In that case one reproduces the correct experimental value g A,exp , but for the wrong reason: The excited-state contributions are not small because t is sufficiently large to be in the asymptotic regime, but various excitedstate contributions are non-vanishing and accidentally cancel each other.
A concrete model for such a scenario was recently suggested by Hansen and Meyer. 52 Based on plausible assumptions concerning the higher order corrections to the ChPT results, the high-momentum N π states with energies larger than about 1.5 M N contribute negatively, i.e. the coefficients b n ,b n associated with these states are smaller than zero. Summing up the total N π contamination the positive contribution from the low-momentum states is overcompensated by the contribution from the high-momentum states, leading to an underestimation of the axial charge for source-sink separations below ∼ 1.5 fm, in agreement with lattice results.
Whether the high-momentum N π states are indeed responsible for the compensation of the low-momentum ones needs to be corroborated. Other excited states (e.g. N ππ and ∆π states) may also play a non-negligible role. In any case, the model in Ref. 52 supports our expectation that source-sink separations t 2 fm are needed for the LO ChPT results to be applicable. For both observables the plateau estimates overestimate the phenomenological value. The absolute discrepancy is significantly larger than for the axial charge (note the different scales in figs. 11 and 12 ). The statistical errors are quite large and increase with t getting larger. Still, the plots suggest that the plateau estimates decrease as the source-sink separation increases. Here too the lattice data and the ChPT predictions for the ratios are consistent. Compared with the results for the axial charge it is here much simpler to imagine a simple monotonic decrease until contact with ChPT can be made at source sink-separations between 2 and 2.5 fm.
It might be tempting to subtract the N π contamination predicted by ChPT (dotted lines) to achieve agreement between the lattice results and the phenomenological values. However, since the same subtraction fails dismally in case of the axial charge it should neither be attempted for x u−d and x ∆u−∆d .
In case of the scalar and tensor charges as well as the transversity moment we do not have experimental values at our disposal. Thus, comparisons between the lattice plateau estimates and the ChPT predictions cannot be done. However, there is no reason to believe that the asymptotic region is reached at significantly smaller source-sink separations for these observables. In fact, the absence of experimental results elevates the role ChPT can play as a guide for the systematic uncertainties due excited states, provided one is in the asymptotic regime where ChPT can be applied.
The bottom line of this section is that present lattice data at source-sink separations t 1.3 fm is still far away from the asymptotic regime where the lowest lying N π states are responsible for the dominant excited-state contribution in the plateau estimates. Lattice data at significantly larger source-sink separations (and with sufficiently small statistical errors) are needed to make contact with the asymptotic region where ChPT can be used to extrapolate the data to t → ∞.
Concluding remarks
Our findings can be summarized as follows. The N π state contribution in the plateau estimates leads to an overestimation of all six nucleon observables we considered, the axial, scalar and tensor charges and the average momentum fraction, the helicity and the transversity moment. The overestimation is at the 5-10% level assuming source-sink separations of about 2 fm. These results are based on LO ChPT and may be subject of substantial higher order corrections. Still, the N π contamination is uncomfortably large and certainly not ignorable if results with percent precision are the goal of lattice calculations.
In physical point simulations the N π-state contribution is expected to dominate the excited-state contamination, at least in the asymptotic regime with large but still finite source-sink separations. The smaller t the larger are the higher order corrections to the LO results presented here. A calculation of the NLO corrections is certainly desirable in order to obtain firmer error estimates for the LO results. In addition, it needs to be checked that the contributions of three-particle N ππ-states and two-particle ∆π states are small and under control. ChPT calculations of these contributions are essentially analogous to the calculation of the N π contribution.
Even though the calculation of the higher-order corrections and the additional multi-particle contribution is in principle straightforward one should keep in mind that the results of these calculations will involve some additional LECs that are not known and not easily accessible using experimental input. Examples are the LECs associated with the interpolating nucleon fields or the coupling of the nucleon and the delta. How important these contributions are remains to be seen. However, the goal cannot be to determine the unknown LECs by fits to lattice data. Such fits seem to be doomed from the beginning, since these parameters appear in higher order corrections of a O(10%) excited-state contamination in a hadronic correlation function that is prone to large statistical errors. It seems more promising to make conservative estimates concerning the unknown coefficients and vary them within generously chosen bounds. Based on these values one should be able to estimate the source-sink separations that are necessary for the LO results to apply reasonably well, and the higher order corrections and the additional contributions can be included in a systematic error for the LO result.
Irrespective of how large the final error estimates for the LO results will be, source-sink separations as small as they are in contemporary lattice simulations are far too small for ChPT to be applicable. In order to make contact to the ChPT results lattice data at significantly larger t with significantly smaller statistical errors are needed. This will require new simulation techniques to overcome the signal-tonoise problem in lattice calculations. New ideas in that respect have been recently been proposed, 69-71 but remain to be tested in actual lattice calculations of the nucleon correlation functions considered here.
